Journal of
Mathematics Education

at Teachers College

Fall — Winter 2010

A CENTURY OF LEADERSHIP IN
MATHEMATICS AND ITS TEACHING



© Copyright 2010
by the Program in Mathematics and Education
Teachers College Columbia University
in the City of New York



Journal of Mathematics Education at Teachers College

TABLE OF CONTENTS

Foreword

Vv Honoring the Past—Anticipating the Future
J. Philip Smith, Bruce R. Vogeli, Erica Walker

Preface

Vi International Comparisons in Mathematics Education in an
Increasingly Globalized World
Julianna Connelly Stockton

Articles

1 Education of Mathematically Talented Students in Hungary
Julianna Connelly Stockton, Sacred Heart University

7 Comparison of the Classroom Practices of Finnish and
Icelandic Mathematics Teachers
Lasse Savola, Fashion Institute of Technology—SUNY

14 A Recipe for Success: A Comparative View of Mathematics
Teacher Education in Finland and Singapore
Berglind Gisladéttir and Bjorg Johannsdottir
Teachers College Columbia University

18 Bourbaki at Seventy-Five: Its Influence in France and Beyond
Alexander Munson, Teachers College Columbia University

22 Hua Loo-keng and the Movement of Popularizing
Mathematics in the People’s Republic of China
Jean W. Richard, Borough of Manhattan Community College,
The City University of New York

28 Irish-Medium Language Immersion Programs' Effects on
Mathematics Education
Diane R. Murray, Teachers College Columbia University

33 The Analysis on the Length and Content Changes on
Secondary Mathematics Textbooks in North Korea
Hoyun Cho, Teachers College Columbia University

42 The Bologna Effect
Nicole Taylor-Buckner, Teachers College Columbia University

46 High Achievement in Mathematics Education in India: A
Report From Mumbai
Manya Raman, Ume& University, Sweden

52 Exploring Motivational Factors for Educational Reform: Do
International Comparisons Dictate Educational Policy?
AJ Stachelek, Teachers College Columbia University

International Mathematics Education Issue  Fall-Winter 2010, Volume 1



TABLE OF CONTENTS, continued

56 NOTES FROM STUDY TOURS
Stuart Weinberg

Finland and Iceland
Robin Kalder

Korea
Chi Vu

China
Julia Henderson

Nepal and Tibet
Mikyong Cho

Southeast Asia
Edward Ham

Budapest and Prague
Elizabeth Frazier

Guatemala
Elida Wylie

Argentina
Margaret Rizon

Australia
Frank Cowie

Russia
Ronny Kwan Eu Leong

Other

68 ABOUT THE AUTHORS

Journal of Mathematics Education at Teachers College

v International Mathematics Education Issue ~ Fall-Winter 2010, Volume 1



The Journal of Mathematics Education at Teachers College is a publication of the
Program in Mathematics and Education at Teachers College
Columbia University in the City of New York.

Guest Editor
Dr. Julianna Connelly Stockton

Editorial Board
Dr. Philip Smith
Dr. Bruce Vogeli
Dr. Erica Walker

Corresponding Editor
Ms. Krystle Hecker

On-Line Editor
Ms. Diane R. Murray

Layout
Ms. Sonja Hubbert

Photo Editor and Cover Design
Mr. Mark Causapin

This issue’s cover and those of future issues will
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Bourbaki at Seventy-Five: Its Influence in France and Beyond

Alexander Munson
Teachers College Columbia University

Bourbaki, a professional mathematical society in France, was established formally in 1935. Throughout three
quarters of a century, Bourbaki changed mathematics and mathematics education significantly. It was
instrumental in the Moderne Mathématique movement that modernized French curricula. Bourbaki also
provided philosophical support for the New Math movement in the United States.

The Origin of Bourbaki

Few scholars of intellectual history can imagine that
the name of Nicolas Bourbaki, a French general in the
Franco-Prussian war, would be adopted later as a
pseudonym by a circle of prominent French
mathematicians. Under the pen name of Bourbaki, a vast
body of mathematics textbooks was published that shaped
the landscape of mathematics research and more
importantly championed a global movement in
mathematics education. Bourbaki provided philosophical
support behind the New Math movement. Its members
were closely connected with the New Math movement that
shook mathematics education all over the world.

The origin of the renowned mathematics circle
Bourbaki can be traced to a meeting of five French
mathematicians in 1934 in Capoulade, a café in the Latin
Quarter of Paris. The five mathematicians, Jean Dieudonné
Henri Cartan, Claude Chevalley, André Weil, and Jean
Delsarte, were dissatisfied with the standard analysis
textbook Traité d’Analyse by E. Goursat used in French
universities (Borel, 1998). Traité lacked the current
developments in Zermelo Fraenkel set theory upon which
modern analysis rests, and it also omitted vector analysis,
which is essential in mathematical physics. Most critically,
Traité was not written with mathematical rigor—a gold
standard the five attendees held in the highest regard. The
group rejected the free flowing intuitions once prized by
Poincaré. Rigor was not only a criterion for scientific
exposition; members of Bourbaki were convinced that
mathematics itself should rest on a bedrock of unshakable
fundamental principles impervious even to the most
unforgiving critics. A new college-level textbook on
analysis was needed (Senechal, 1998). The attendees also
agreed that the mathematical gap between a student in
lycée, the French high school, and that of a university
mathematics student was widening because of the rapid
development in analysis in the late 19th and early 20th
century. From the outset, the founders agreed, their writing
must be modern above all. Only a modern analysis
textbook can close the gap for interested lycée students
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who want to pursue a career in mathematics. As the
meeting lingered, an ambitious criterion for the upcoming
book was adopted: the textbook must be able to
accommodate all readers: professional academicians,
university students, and serious amateurs with a persistent
curiosity (Beaulieu, 1993).

Given such a disparate set of challenges, the Bourbaki
founders discovered a unique solution: a self-contained
and rigorous analysis textbook from scratch, one that is
built on elementary set theory. Though elegant, this
solution created a structure emblematic of Bourbaki’s
published works: a linearized ordering of contents in
which a new mathematical concept can only reference
concepts that appear in earlier chapters. In its striving for
logical rigor, intuition is stymied summarily. This choice
of rigor over intuition became the signal criticism against
Bourbaki’s publications in all coming decades, one that
always haunted Bourbaki—and one that Bourbaki never
recanted. In an interview in 1997, Pierre Cartier, a later
member of Bourbaki, acknowledged that the series of
publications is organized more as an encyclopedia rather
than textbooks, notwithstanding the muted irony that it was
the inadequacy of the textbook Traité d’Analyse that
precipitated the very first meeting in 1934 (Senechal,
1998).

Over the next few meetings, another complexity
emerged: a single textbook on analysis was not sufficient.
At the time, analysis and mathematics in general had
advanced to a point where previously distinct branches
were beginning to overlap. For example, analyticity is
usually a topic discussed in complex analysis, but the set
of analytic functions on the complex unit circle
{f| f: S'—> S"} forms a group under composition. Bourbaki
members determined that six topics were essential: set
theory, algebra, topology, functions of one real variable,
topological vector spaces, and integration. Each topic
warranted a separate book. Each book was assigned to a
single member who was to write the first and revised
drafts. André Weil was elected the editor-in-chief of all six
books in addition to his own topic book. All volumes,
current and future ones, hold the general title of Eléments
de Mathématique. A subtitle identifies the specific
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contents of each book: algebra, real analysis, or topology
(Borel, 1998). The six chosen topics, though not
exhaustive, encompass the majority of pure mathematics.
In the dim light of the Parisian café, a vast and
overreaching mathematics empire was beginning to
emerge. The first volume of the Eléments de
Mathématique was published in 1935. In the same year,
the small circle of mathematicians elected to name their
group Association des collaborateurs de Nicolas
Bourbaki—Bourbaki was formally born.

Bourbaki and Mathematics Education

Philosophically, Bourbaki espoused a view akin to
Hilbertism—one based on a system of axioms, from which
a second stratum of theorems can be derived. Structure
occupies the centerpiece in Bourbaki’s philosophy of
mathematics. Structure assumes two dimensions. First,
structure means mathematical knowledge, and indeed that
of all natural sciences, possesses subtle and deep
structures. As such, knowledge should never be conceived
as an orderless collection of facts. Second, because
knowledge possesses such structure, the correct
pedagogical approach is to elucidate the fundamental
structures behind the endless examples. The underlying
ideas must be elevated above the examples that illustrate
them. That is, the first structure informs the second
structure. Bourbaki strives for the “why” in place of the
“how” (Corry, 2007). In this philosophical and
pedagogical perspective, Bourbakists are neo-Platonists.
Bourbaki’s conviction in the universality of an axiomatic
system, grounded in set theories, characterizes both its
writings and their philosophy of science. The belief in
structure would influence the movers of the New Math
movement decades later and transform the landscape of
mathematics education significantly.

As Bourbaki grew, its members also changed.
Mandatory retirement is required upon reaching age fifty.
Young mathematicians were observed carefully in a “trial
period” in which their suitability was evaluated. The true
criteria for membership were never revealed even to other
eminent mathematicians outside the circle. Most
mathematics historians posit that a shared vision of
structure and rigor in style are crucial requirements for
prospective members. The first generation Bourbakists, or
the founders, screened their successors meticulously, as
did the second generation Bourbakists to the third. Breadth
and depth of mathematical knowledge are only the
beginning requirements. As such, membership within a
generation registers only in single digits. The list of
Bourbaki members is a “who’s who” in 20th century
mathematics. Second, third, and fourth generation
Bourbakists included four Fields medalists: Laurent
Schwartz, Jean Pierre Serre, Alexander Grothendieck, and
Pierre Deligne. Bourbaki also admitted non-French

members: Polish topologist Samuel Eilenburg of Columbia
University, American number theorist Serge Lang of Yale
University, and Swiss algebraist Armand Borel of the
Institute of Advanced Study are few examples. As the new
members were admitted to the circle, new volumes to the
Eléments were added. The younger members more than
updated the encyclopedic Bourbaki collections; they also
disseminated Bourbaki’s visions on mathematics education
eagerly to the scientific community around the world
(Senechal, 1998).

The Bourbaki Influence in Education in France

As an intellectual society native to France, most
members of Bourbaki held prominent academic positions
in elite French universities. Yet the political realities of
Europe handicapped Bourbaki’s mission to reform
mathematics education in France for several decades.
Mathematics historians must be cautioned that the
outbreak of WWII in 1940, five years after the birth of
Bourbaki, halted most research activities. After WWII,
economic recovery was the top national priority for
France. Curriculum reform was only given a cursory
glance. Additionally, France does not enjoy local
independence as does the United States; any educational
reform entails a massive governmental effort from top
down, painstakingly implemented in every classroom
across the country.

In 1967, the French government organized a panel of
18 mathematicians and educators headed by the
differential geometer André Lichnerowicz to make
recommendations on mathematics curriculum. Though not
a Bourbaki member, Lichnerowicz studied under Eli
Cartan, the father of Henri Cartan, a first generation
Bourbakist. Lichnerowicz was a staunch devotee of the
ideals of Bourbaki. The Lichnerowicz Commission made
sweeping changes in the French mathematics curriculum
both in contents and in pedagogy. Deeply committed to the
principle of structure behind the problems, the
Lichnerowicz Commission recommended a revised
curriculum based on set theory with an early introduction
to mathematical structures. Computation, once the main
staple of pre-college mathematics education, was de-
emphasized. New textbooks were commissioned to reflect
the shift. It is important to note that this reform is referred
to as the Moderne Mathématique movement as opposed to
the New Math movement in the United States.

As a result, France experienced landslide changes in
secondary mathematics education. Set theories, complex
numbers, probability, and other abstract concepts are
introduced earlier to students. One must be cautioned that
it is not the early introduction of these advanced concepts
that changed the French secondary mathematics
curriculum; it is the concept of structure that stood at the
core of the new curriculum. Complex analysis, for

19



MUNSON

example, has existed since the time of Gauss. Simply
introducing complex analysis into the secondary education
curriculum is not the objective of the Lichnerowicz
Commission. The new French textbooks commissioned by
the panel reflected the breathtaking depth of Bourbaki’s
vision of structure. In many respects, the curriculum
reform in France embodies the spirit of Bourbaki more
closely than the reform in the United States. Take the
example of the definition of complex numbers. The new
French textbooks contain a Bourbaki definition
cumbersome at first glance: a complex number (a,bi) is
defined as a matrix

a —b
M(a,b) =

b &

Standard American textbooks define a complex number
(a,bi) as an ordered subset of R®. The French Bourbaki
definition stands out as an ungainly oddity compared to the
streamlined American definition. The clean-cut American
definition even alludes to the ring structure of R* with
coordinatewise addition and multiplication as its
operations:

(a,bi) + (¢, di) = (a+c, (b+d)i) e RpRi 2R

The French Bourbaki definition also passes the additive
test, but without the American alacrity:

(a,bi) + (e, di) =M (a,b) + M(c, d)

a —b c —d
= i

b a d ¢

at+c —b—d

b+d a+c

=M(a+ec,b+d)
=(a+e¢,(b+ d)i).

But with multiplication, the Bourbaki definition, constructed
with rich structures in mind, begins to show its superiority:

(a,b) x (c,di) =M (a,b) x M(c,d)

Il
X

ac—bd —(ad+ be)

ad + be ac — bd
=M (ac — bd, ad + bc)

=(ac — bd, (ad + bc)i).
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whereas the American definition, though prized for its
simplicity at first, begins to show its weaknesses as it relies
on the alluded multiplicative structure of the ring R*:

(a,b) x (¢,d) = (ac, bd) # (ac — bd, (ad + be)).

The Bourbaki definition holds another edge over the
American definition. With complex numbers, modulus
|(a,bi)| = V(a® + b) is a central concept. The square of the
modulus removes the square root: a* + b> = |(a,bi)|* . The
Bourbaki definition lends itself seamlessly to the square of
the modulus function:

| (a,bi) [*
= det M(a,b)

— 0,2 o (—52)

On the other hand, the American definition

~

(a.bi) € R & Ri = R® {oes not in any way
elicit modulus. The use of the determinant function in
defining the moduli of complex numbers shows an
important aspect of modulus as a function from the complex
plane to the real numbers: | |: C — R; x+yi — x™+ y*.
Notice the determinant function, taken as the function that
computes the square of the modulus, is a polynomial in
two variables. As such, the square of the modulus is a
continuous function. This is a critical idea used repeatedly
later both in and outside of complex analysis in concepts
such as the Banach fixed point theorem or the existence
and the uniqueness of solutions to ordinary differential
equations. The strength of Bourbaki is felt keenly and
powerfully.

The Bourbaki Influence in Education in the U.S.

With Bourbaki’s increasing membership of American
mathematicians in the second and third generations, the
French intellectual circle began to influence American
curriculum design. In America, Bourbaki provided
philosophical support behind the New Math movement.
The key movers of the New Math movement in America
are university mathematicians who wanted school
mathematics curricula to reflect the same modern cast that
university mathematics courses were acquiring. The
purpose was to reduce the discontinuity between pre-
college and collegiate mathematics as well as to encourage
more students to pursue the study of mathematics
(Kilpatrick, 2010).

It is certain that the educators behind the New Math
movement believed deeply in the underlying structure in
mathematics. Like their French counterparts, New Math
recommended a curriculum where computations are de-
emphasized.
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The earliest New Math reform came from the
University of Illinois’s Committee on School Mathematics
(UICSM) chaired by Max Beberman in 1951. A graduate
of Teachers College Columbia University, Beberman
professed a staunch belief in “discovery learning.” UICSM
designed textbooks that incorporate guided discovery into
many lessons. The chapters were written such that the
students recognize the patterns emerging from the
mathematical ~ expressions, but the  generalized
mathematical principles were not given explicitly until
later chapters. Studies have shown that the Beberman
textbooks work well with educators who are trained in
discovery learning.

Another proponent of New Math was the topologist
Edward Begle, director of the School Mathematics Study
Group (SMSG). A seasoned educator, Begle conducted
fundamental studies in mathematics epistemology. Under
Begle’s leadership, SMSG created and implemented New
Math curricula for primary and secondary schools in the
‘60s. Numerous other professional organizations, such as
the Minnesota School Science and Mathematics Center or
the Ball State Project, also supported New Math. NCTM
organized its own Secondary School Curriculum
Committee to discuss implementation of the New Math
Curriculum. By the middle of the 1960s, many high
schools in the United States adopted New Math curricula.

New Math attracted as many supporters as detractors.
Under New Math, students’ abilities to execute basic
arithmetic computations suffered. Many educators and
parents were critical of the abstract contents introduced
into elementary and secondary mathematics textbooks that
bear little resemblance to the pragmatic knowledge readily
useful outside the classroom. By the end of ‘70s, the New
Math movement ended. In the ensuing decades, the United
States shifted between the Bourbaki-inspired New Math
curriculum and the traditional curriculum.

Bourbaki Today

Three more books were added to the original six
books discussed in the first Bourbaki Congress. Today,
Eléments totals forty volumes. The last of the Bourbaki
series, book IX on spectral theory, was published in 1983.
The annual Bourbaki Congress trickled to a stop briefly
after the last publication. Since then, Bourbaki has
remained out of the scientific spotlight.

2010 marks the seventy-fifth birthday of the Bourbaki
group. Intellectual historians laud its immense
contributions to mathematics, to mathematics education,
and to the scientific community at large. Looking back
from 2010 to 1935, from one textbook to forty volumes,
from a group of five disaffected mathematicians to a global
movement in mathematics education, Bourbaki has
journeyed a long way. Newcomers to mathematics gaze at
the numerous volumes of Eléments with bewilderment,

shocked by the prolific energy of “the extraordinary Dr.
Bourbaki,” while senior mathematicians smile quietly in
the back row, reminiscing about the heyday of a circle of
mathematics illuminati that moved and is still moving
mathematics and mathematics education at age 75.
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