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The JMETC is a re-creation of an earlier publication by the Teachers College 
Columbia University Program in Mathematics. As a peer-reviewed, semi-
annual journal, it is intended to provide dissemination opportunities for writers 
of practice-based or research contributions to the general field of mathematics 
education. Each issue of the JMETC will focus upon an educational theme. The 
themes planned for the 2012 Fall-Winter and 2013 Spring-Summer issues are 
Equity and Leadership, respectively. 

JMETC readers are educators from pre-K-12 through college and university 
levels, and from many different disciplines and job positions—teachers, 
principals, superintendents, professors of education, and other leaders in 
education. Articles to appear in the JMETC include research reports, 
commentaries on practice, historical analyses, and responses to issues and 
recommendations of professional interest. 
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JMETC seeks conversational manuscripts (2,500-3,500 words in length) that 
are insightful and helpful to mathematics educators. Articles should contain 
fresh information, possibly research-based, that gives practical guidance 
readers can use to improve practice. Examples from classroom experience are 
encouraged. Articles must not have been accepted for publication elsewhere. 
To keep the submission and review process as efficient as possible, all 
manuscripts may be submitted electronically at www.tc.edu/jmetc. 

Abstract and keywords. All manuscripts must include an abstract with 
keywords. Abstracts describing the essence of the manuscript should not 
exceed 150 words. Authors should select keywords from the menu on the 
manuscript submission system so that readers can search for the article after it 
is published. All inquiries and materials should be submitted to Ms. Krystle 
Hecker at P.O. Box 210, Teachers College Columbia University, 525 W. 120th 
St., New York, NY 10027 or at JMETC@tc.columbia.edu. 

/*06+)28%$&,1(&7#+<)$$)*1$&
Those who wish to reuse material copyrighted by the JMETC must secure 
written permission from the editors to reproduce a journal article in full or in 
texts of more than 500 words. The JMETC normally will grant permission 
contingent on permission of the author and inclusion of the JMETC copyright 
notice on the first page of reproduced material. Access services may use unedited 
abstracts without the permission of the JMETC or the author. Address requests 
for reprint permissions to: Ms. Krystle Hecker, P.O. Box 210, Teachers College 
Columbia University, 525 W. 120th St., New York, NY 10027. 
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The “theme” of the fall issue of the Journal of Mathematics Education at Teachers College will be 
Equity. This “call for papers” is an invitation to mathematics education professionals, especially 
Teachers College students, alumni and friends, to submit articles of approximately 2500-3500 words 
describing research, experiments, projects, innovations, or practices related to equity in mathematics 
education. Articles should be submitted to Ms. Krystle Hecker at JMETC@tc.columbia.edu by 
September 1, 2012. The fall issue’s guest editor, Mr. Nathan N. Alexander, will send contributed 
articles to editorial panels for “blind review.” Reviews will be completed by October 1, 2012, and 
final manuscripts of selected papers are to be submitted by October 15, 2012. Publication is 
expected by November 15, 2012. 
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This Call for Volunteers is an invitation to mathematics educators with experience in 
reading/writing professional papers to join the editorial/review panels for the fall 2012 and 
subsequent issues of JMETC. Reviewers are expected to complete assigned reviews no later than 
3 weeks from receipt of the manuscripts in order to expedite the publication process. Reviewers are 
responsible for editorial suggestions, fact and citations review, and identification of similar works 
that may be helpful to contributors whose submissions seem appropriate for publication. Neither 
authors’ nor reviewers’ names and affiliations will be shared; however, editors’/reviewers’ 
comments may be sent to contributors of manuscripts to guide further submissions without 
identifying the editor/reviewer. 

If you wish to be considered for review assignments, please request a Reviewer Information Form. 
Return the completed form to Ms. Krystle Hecker at hecker@tc.edu or Teachers College Columbia 
University, 525 W 120th St., Box 210, New York, NY 10027. 
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Anticipated themes for future issues are: 

Fall 2012 Equity 
Spring 2013 Leadership 
Fall 2013 Modeling 
Spring 2014 Teaching Aids 
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To obtain additional copies of JMETC, please visit the Journal’s website www.tc.edu/jmetc. The 
cost per copy delivered nationally by first class mail is $5.00. Payment should be sent by check to 
JMETC, Teachers College Columbia University, 525 W 120th St., Box 210, New York, NY 10027. 

Permission to make digital or hard copies of all or part of this work for personal or classroom use is 
granted without fee provided that copies are not made or distributed for profit or commercial 
advantage and that copies bear the full citation on the first page. Copyrights for components of this 
work owned by other than The Program in Mathematics and Education must be honored. Abstracting 
with credit is permitted. To copy, to republish, to post on servers for commercial use, or to redistribute 
to lists requires prior specific permission. Request permission from JMETC@tc.columbia.edu. 
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7:??(6(04+! ?$'! 7+:804+! +$! 700! +*2+! .-!j!ZJ!l!J[!k!.H!
.J!j!ZJ!l!d[!k!.H! .L!j!ZJ!l!\[!k!.H! .i!j!ZJ!l!L[!k!.! 248H!
+*0'0?$'0H!+*0!$:+%:+!?$'!n!must be!Jn!k!.Q!;*0!277077304+!
%0$%<0! A*$! 3280! :%! +*(7! %2++0'4! %'$/<03! ?$')$+! +*2+!
32+*032+(67!(7!OBFEOBcH!what you see is what you getH!
7$!+*2+!A*2+!(7!4$+!?$'/(8804!(7!%0'3(++08Q!F(460!+*0'0!(7!4$!
7+2+0304+! (4! +*0!%'$/<03!+*2+! ?$'/(87!$+*0'!%2++0'47H! +*0'0!
(7!24!(4?(4(+0!4:3/0'!$?!%$77(/(<(+(07!?$'!+*0!$:+%:+Q!M0'0!(7!
24$+*0'!$40T!

.-H!.JH!.LH!.iH!..H!.dH!.aH!,-H!.,H!.\H!.bH!,.H!0+6Q!

O$:<8!324&!7+:804+7!6*$$70!]!27! +*0!247A0'm!1'$/2/<&Q!
]$! A0! A24+! $:'! 7+:804+7! +$! C4$A! +*2+! +*0! 3$7+! 42+:'2<!
A2&!+$!6$4+(4:0!+*0!%2++0'4!(7!?'$3!n!+$!Jn!k!.m!]0?(4(+0<&Q!
P:+! 8$! A0! A24+! 7+:804+7! +$! /0<(0>0! +*2+! ]! (7! +*0! $4<&!
6$''06+! 247A0'm! @$H! /062:70! +*(7! A$:<8! '0U:('0! +*2+! A0!
+026*! 7+:804+7! +$! 8$! 32+*032+(67! /&! '$:+(40<&! 32C(4)!
:4A2''24+08!277:3%+($47!Z(4!+*(7!6270H!+*0!277:3%+($4!+*2+!
+*0! $:+%:+! (7! 2! linear! ?:46+($4! $?! +*0! (4%:+[Q!D77077304+H!

07%06(2<<&!*()*N7+2C07!277077304+H!70487!2!%$A0'?:<!7()42<!
+$!+*0!6<277'$$3Q!D<<!08:62+$'7!2'0!$/<()2+08!+$!047:'0!+*2+!
+*(7! 7()42<! (7! +*0!6$''06+!$40Q! E+! (7! ?$'! +*(7! '027$4! +*2+!A0!
*2>0! 4$! 6*$(60! /:+! +$! /24! 7:6*! %2++0'4! %'$/<037! ?'$3!
0>0'&!%2'+!$?!76*$$<!32+*032+(67!08:62+($4Q!

P062:70!$?!+*0!(46'027(4)!2A2'04077!+*2+!7:6*!%2++0'4!
%'$/<037! 2'0! 32+*032+(62<<&! :4+042/<0H! 3$7+! 277077304+!
80>0<$%0'7n7+2+07H!@D91H!;E5FFH!0+6Qn*2>0!%:<<08!7:6*!
(+037! ?'$3! +*0('!A0/%2)07Q!P:+! 4$+! 04+('0<&Q! E4! +*0! ,--\!
)'280!d!@D91!277077304+H!+*0'0!(7!+*0!?$<<$A(4)!U:07+($4!
Z700!V]0+0'3(40!40Y+!4:3/0'!(4!)(>04!%2++0'4W!(4!@2+($42<!
D77077304+!$?!98:62+($42<!1'$)'077!Z@D91[[T!

JH!LH!\H!bH!aH!.-H!iH!m!

E4!+*0!4:3/0'!%2++0'4!2/$>0H!A*2+!4:3/0'!6$307!
40Y+m!

D47A0'T!ooooooooo!

;*(7!U:07+($4!(7!A$'+*!8(76:77(4)!/062:70!(+!'0>02<7!A*2+!(7!
A'$4)!A(+*! %2++0'4! (+037! ?'$3! 2! 8(??0'04+! 24)<0Q! S('7+! $?!
2<<H!2>$(8(4)!+*0!3:<+(%<0!6*$(60!?$'32+!(7!2!7+0%!?$'A2'8T!
+*0! +07+! (+03!A$:<8! *2>0! /004! 2! %0'?06+<&! )$$8! U:07+($4!
*28!(+!/004!6*24)08!(4+$!2!6$47+':6+08!'07%$470!(+03!7:6*!
27!+*0!?$<<$A(4)T!

E4!+*0!4:3/0'!%2++0'4!2/$>0H!A*2+!4:3/0'!6$307!
40Y+!248!A*&m!

;*(7! A$:<8! +*0! )(>0! 7+:804+7! 2! 6*2460! +$! 7%06(?&! +*0!
%2++0'4!248!+*04!808:60!A*2+!+*0!40Y+!4:3/0'!3:7+!/0Q!D7!(+!
(7H!*$A0>0'H!+*0!0Y%06+08!247A0'!(7!.,H!248!+*0!'027$4(4)H!
A*(6*! (7! 2<7$! 2! 80'(>2+(>0! $?! +*0! O(7*?:<! ;*(4C(4)!
F&48'$30H! (7! %'$/2/<&! +*0! ?$<<$A(4)T! 700(4)! JH!\H!aH!i! (4!
+*0! $88N4:3/0'08! %$7(+($47! 248! LH!bH!.-! (4! +*0! 0>04N
4:3/0'08!%$7(+($47H!7+:804+7!7*$:<8!2:+$32+(62<<&!/0!2/<0!
+$! ?(<<! (4! +*0! /<24C7Q! ;*0'0?$'0H! +*0! 70U:0460! 624! /0! +*:7!
8076'(/08T!

;*0!70U:0460!

a.H!a,H!aJH!adH!a\H!Q!Q!Q!
72+(7?(07!a.!j!J!248!a,!j!LH!248!?$'!2<<!4$440)2+(>0!
(4+0)0'7!nH!!!!a,nkJ!j!,!k!a,nk.!248!a,nk,!j!,!k!a,n!

Use the chart below to answer question 4. 

Input 3 4 5 6 Q!Q!Q! n!
Output 10 13 16 19 Q!Q!Q! m!

4. If the input is n, what will the output be? 
A. n + 3 
B. n + 7 
C. 3(n + 2) + 1 
D. 3n + 1 

S():'0!.Q!



O=!

b!

c'24+(4)! +*(7! ':<0H! +*04! (48008! .,! (7! +*0! 6$''06+! 247A0'Q!
=4?$'+:42+0<&H! +*(7! (7! 4$+! +*0! $4<&! A2&! +$! )040'2+0! +*0!
70U:0460! JH!LH!\H!bH!aH!.-H!iQ! M0'0! (7! 24$+*0'! $40T! (+! (7!
C4$A4! +*2+! +*0'0! (7! 2! %$<&4$3(2<! pZx[! $?! 80)'00! \! Z+*0!
`2)'24)0!E4+0'%$<2+($4!%$<&4$3(2<[!7$!+*2+!

pZJ[!j!LH!!pZL[!j!\H!!pZ\[!j!bH!!pZb[!j!aH!
pZa[!j!.-H!!pZ.-[!j!iQ!

@$A!<0+!k!/0!2!?(Y08!4:3/0'!248!<0+!qZx[!/0!+*0!%$<&4$3(2<!
7$!+*2+!

qZx[!j!pZx[!!k!kZx!G!J[Zx!G!L[Zx!G!\[!
! Zx!G!b[Zx!G!a[Zx!G!.-[Q!

E+!(7!6<02'!+*2+!
qZJ[!j!LH!!qZL[!j!\H!!qZ\[!j!bH!!qZb[!j!aH!

qZa[!j!.-H!!qZ.-[!j!iQ!
O0!80?(40!2!70U:0460!b.H!b,H!p!7$!+*2+!

b.!j!JH!248!bnk.!j!qZn[!!!?$'!2<<!n!j!.H!,H!JH!Q!Q!Q!
;*0!?('7+!7(Y!303/0'7!$?!+*(7!70U:0460!+*04!6$(46(80!A(+*!JH!
LH!\H!bH!aH!.-H!iH!/:+!+*0!40Y+!4:3/0'!(7!qZi[!j!pZi[!G!.ddkQ!
F(460!k!(7!2'/(+'2'&H!+*0!40Y+!4:3/0'!6244$+!/0!80+0'3(408!
$4!+*0!/27(7!$?!+*0!(4?$'32+($4!)(>04!(4!+*0!%'$/<03Q!

O0!7*$:<8!%:+! +*(7!8(76:77($4! (4!%0'7%06+(>0Q!O0!2'0!
4$+! 72&(4)! +*2+! 24! 2>0'2)0! ?$:'+*!)'280'!A$:<8!C4$A! +*0!
%'0608(4)!'027$4(4)!248!'06$)4(h0!+*2+!+*(7!@D91!(+03!(7!
4$+! A0<<N%$708H! 4$'! 2'0! A0! 72&(4)! +*2+! (+7! %'070460! 8(8!
7()4(?(624+!8232)0!+$!+*0!,--\!@D91!76$'07Q!O*2+!A0!are!
72&(4)!(7!+*2+H!7$!<$4)!27!+*0!@D91!76$'07!(3%26+!2!7+2+0X7!
42+($42<! (32)0H! +*0! @D91! 277077304+7! (+037! A(<<! 2??06+!
7+2+0! 277077304+7! 248H! (48('06+<&H! *$A! 32+*032+(67! (7!
+2:)*+!(4!+*0!76*$$<!6<277'$$3Q!;*(7!(+03!A(<<!6$4+'(/:+0!+$!
+*0! )040'2<! 8(7'0)2'8! $?! +*0!OBFEOBc! 6*2'26+0'(7+(6! $?!
32+*032+(67Q!O0!32&!288!+*2+! +*(7!8(7'0)2'8!70037!+$!/0!
7*2'08!0U:2<<&!/&!+026*0'7H!7+:804+7H!248!76*$$<!+0Y+/$$C7Q!
D+!2!+(30!$?!8(72''2&!(4!76*$$<!32+*032+(67!08:62+($4H!A0!
6244$+! 2??$'8! +$! 288! +$! +*0! 8(72''2&! /&! <0)(+(3(h(4)! +*0!
+026*(4)! $?! /<2+24+<&! (46$''06+! 32+*032+(67! +$!
(3%'077($42/<0!3(487Q!

;*0! 40Y+! +A$! +&%07! $?! (+037! *2>0! +$! 8$! A(+*!
80?(4(+($47! 248! 6$4>04+($47Q!;*0&!2'0!4$+!32+*032+(62<<&!
?<2A08! (4! +*0! <(+0'2<! 70470H! /:+! +*0('!3$'0N+*24N(4?'0U:04+!
2%%02'2460! (4! 7+2482'8(h08! 277077304+7! A(<<! 60'+2(4<&!
%'$3$+0! 80?06+(>0! 76*$$<! 32+*032+(67! 08:62+($4Q! O0!
2660%+! +*0! ?26+! +*2+! 32+*032+(67! 40087! 80?(4(+($47! 248!
6$4>04+($47H!/:+!A0!2<7$!C4$A!+*2+!+*070!2'0!30247!+$!24!
048! '2+*0'! +*24! 24! 048! (4! +*0370<>07Q! E?! 7:332+(>0!
277077304+7! 2'0! +$! 277077! 32+*032+(62<! <02'4(4)! +':<&H! 2!
7<()*+! 4$8! (4! +*0! 8('06+($4! $?! 80?(4(+($47! 248! 6$4>04+($47!
2<'028&!)$07!2! <$4)!A2&Q!=4*2%%(<&H!324&!7+2+07!7003!+$!
(47(7+!$4!32C(4)!7:6*! (+037!2!7+2%<0!$?! +*0('!7+2482'8(h08!
277077304+H!+*0'0/&!046$:'2)(4)!/':+0!?$'60!303$'(h2+($4!
$?!?26+7!(4!$'80'!+$!)0+!7$30!027&!%$(4+7Q!@$+0!+*2+!A0!2'0!
4$+! +2<C(4)! 2/$:+! +*0! 80?(4(+($47! $?! 7:/7+24+(>0! 6$460%+7!

7:6*! 27! 6$4)':0460H! 7(3(<2'(+&H,! 2>0'2)0! 7%008! (4! 2! ?(Y08!
+(30! (4+0'>2<! s! +$! tH! $'! 8(>(7($4! $?! ?'26+($47Q! ;*0! C(48! $?!
80?(4(+($47! /0(4)! +07+08! $4! 324&! 7+2+0! 277077304+7! 2'0!
(<<:7+'2+08! /&! +*0! ?$<<$A(4)! (+037! +2C04! ?'$3! +*0!
7+2482'8(h08!277077304+7!$?!+A$!7+2+07T!

Example 1. O*2+! (7! +*0! (4>0'70!$?! +*0!7+2+0304+!
VE?!5(C0!8(8!*(7!*$30A$'CH!+*04!*0!A(<<!%277!+*(7!
+07+Wm!

.Q!E?!5(C0!%27707!+*(7!+07+H!+*04!*0!8(8!*(7!
*$30A$'CQ!

,Q!E?!5(C0!8$07!4$+!%277!+*(7!+07+H!+*04!*0!8(8!
4$+!8$!*(7!*$30A$'CQ!

JQ!E?!5(C0!8$07!4$+!%277!+*(7!+07+H!+*04!*0!$4<&!
8(8!*2<?!*(7!*$30A$'CQ!

dQ!E?!5(C0!8(8!4$+!8$!*(7!*$30A$'CH!+*04!*0!
A(<<!4$+!%277!+*(7!+07+Q!

Example 2. O*(6*! %'$%0'+&! (7! (<<:7+'2+08! /&!
,Z,x k!d[!j!dx!k!bm!
DQ!D88(+(>0!E804+(+&!
PQ!](7+'(/:+(>0!1'$%0'+&!
#Q!D77$6(2+(>0!1'$%0'+&!$?!D88(+($4!
]Q!#$33:+2+(>0!1'$%0'+&!$?!D88(+($4!

Example 3.! O*(6*! 0U:2+($4! (<<:7+'2+07! +*0!
3:<+(%<(62+(>0!(804+(+&!0<0304+m!

Z.[!!x!k!-!j!x 
Z,[!!x!G!x!j!-!
ZJ[!!x!q! .x !j!.!
Zd[!!x!q!.!j!x 

E47+028!$?! +07+(4)! 7+:804+7!$4!A*0+*0'! +*0&!C4$A! +*0!
+0'3(4$<$)&!$?! +*0!8(7+'(/:+(>0! <2AH!A$:<8! (+!4$+!/0!3$'0!
08:62+($42<! +$! 277077H! )(>04! ?$:'! 4:3/0'7! aH! bH! cH! 248! d!
72+(7?&(4)!a!k!c!j!d!248!b!k!d!j!aH!A*0+*0'! +*0&! '06$)4(h0!
+*2+! ba!k!cd!k!da!k!cb! (7! 0U:2<! +$! ,bm! D48! A*2+! (7! +*0!
%:'%$70! $?! <02'4(4)! A*2+! 2! V3:<+(%<(62+(>0! (804+(+&!
0<0304+W!(7!A(+*$:+!24&!3024(4)?:<!32+*032+(62<!6$4+0Y+m!
D7! +$! 9Y23%<0! .H! %0'*2%7! +*0! /07+! 6$3304+2'&! E! 624!
7:%%<&! (7! +$! ?:'4(7*! A*2+! +*0! 7+2+0! 6<2(37! (7! +*0! 6$''06+!
247A0'n(+! (7! Zd[n/062:70!4$40!$?! +*0! ?0A!6$<<02):07!2+!
P0'C0<0&!+*2+!E!U:(hh08!C40A!+*0!247A0'Q!

D!)$$8! 0Y23%<0! $?! +*0! C(48!$?! 6$4>04+($4! +$$!$?+04!
*$4$'08!/&!7+2482'8(h08!+07+7!(7!+*0!7$N62<<08!Rules for the 
Order of Operations!+2:)*+!2'$:48!+*0!7(Y+*!)'280T!

Z.[!9>2<:2+0!2<<!0Y%'077($47!A(+*!0Y%$404+7Q!
Z,[!5:<+(%<&!248!8(>(80!(4!$'80'!?'$3!<0?+!+$!'()*+Q!
ZJ[!D88!248!7:/+'26+!(4!$'80'!?'$3!<0?+!+$!'()*+Q!

;*070!':<07!2'0!$?!6$:'70!(47%('08!/&!+*0!4008!(4!2<)0/'2!+$!
A'(+0! %$<&4$3(2<7! A(+*! 3(4(3:3! 4$+2+($4Q! E4!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!
,
O0!8$!4$+!*2>0!(4!3(48!V7230!7(h0!248!7230!7*2%0W!248!V7230!
7*2%0!/:+!4$+!4060772'(<&!+*0!7230!7(h0W!?$'!6$4)':0460!248!
7(3(<2'(+&H!'07%06+(>0<&Q!g2+*0'H!V2!6$3%$7(+($4!$?!+'247<2+($47H!
'$+2+($47H!248!'0?<06+($47W!248!V2!6$3%$7(+($4!$?!2!8(<2+($4!248!2!
6$4)':0460HW!'07%06+(>0<&H!27!80324808!/&!##FF5Q!



#^55^@!#^g9!DFF9FF59@;!

i!

32+*032+(62<! +0'37H! (?! A0! +2C0! (4+$! 266$:4+! +*2+!
7:/+'26+($4! (7! adding! 24! 288(+(>0! (4>0'70! 248! 8(>(8(4)! (7!
R:7+! multiplying! 2! 3:<+(%<(62+(>0! (4>0'70H! +*04! +*0! ':<07!
23$:4+! +$! 4$+*(4)! 3$'0! +*24T! V9Y%$404+7! ?('7+H! +*04!
3:<+(%<(62+($47H! +*04! 288(+($47QW! ZF00! O:H! ,--dH! ?$'! 24!
0Y+04808! 8(76:77($4Q[! E4! 32+*032+(67H! 2! 6$4>04+($4! (7!
:7:2<<&!%:+!(4!:70!A*04!(+!6$4+'(/:+07!+$!6<2'(+&!27!A0<<!27!
/'0>(+&Q! ;2C0! +*0! 6$4>04+($4! (4! 2<)0/'2! $?! 804$+(4)!
3:<+(%<(62+($4!/&!2!8$+H!0Q)QH!\!q!.,!30247!\!+(307!.,Q!;*(7!
(7!2!)$$8!6$4>04+($4!:480'!3$7+!6('6:37+24607!/062:70!(+!
2>$(87!+*0!6$4?:7($4!$?!+*0!<0++0'!x!A(+*!+*0!3:<+(%<(62+($4!
7()4! Q!P:+!(?!/&!6*2460!$40!*27!+$!3:<+(%<&!806(32<7H!$40!
A$:<8!()4$'0!+*0!6$4>04+($4!$?!A'(+(4)H!0Q)QH!JQ.d.L!q!,-QdH!
248! A'(+0! JQ.d.L! !,-Qd! (47+028Q! O(+*! +*(7! (4! 3(48H! A0!
'0+:'4! +$!^'80'! $?!^%0'2+($47! 248! 6$47(80'! +*0! ?$<<$A(4)!
(+03!?'$3!2!7+2+0!277077304+!?$'!7(Y+*!)'280T!

;*0!7+0%7!r:04+(4!+$$C!+$!0>2<:2+0!+*0!0Y%'077($4!
Jm!G!J! !J!A*04!m!j!b!2'0!7*$A4!/0<$AQ!

Jm! !J! !J!A*04!m!j!b!
J! !b!j!,d!
,d!G!J!j!,.!
,.! !J!j!a!

O*2+! 7*$:<8! r:04+(4! *2>0! 8$40! 8(??0'04+<&! (4!
$'80'!+$!0>2<:2+0!+*0!0Y%'077($4m!

DQ!8(>(808!Z,d!G!J[!/&!Z,d! !J[!
PQ!8(>(808!Z,d!G!J[!/&!Z,d!G!J[!
#Q!7:/+'26+08!ZJ! !J[!?'$3!,d!!
]Q!7:/+'26+08!J!?'$3!Z,d! !J[!

S2608! A(+*! 24! (+03! <(C0! +*(7H! +*0! U:07+($4! (7! A*&! A$:<8!

24&$40! A'(+0! J! !b! !J! !J! (?! 2<<! +*2+! (7! (4+04808! (7!
.

J
ZJ b[ ZJ [ m!E+!A$:<8!/0!)$$8!32+*032+(67!08:62+($4!

+$!27C!+026*0'7!+$!0Y%<2(4!+$!7+:804+7!+*2+H!?$'!+*0!%:'%$70!

$?!6$33:4(62+($4H! .

J
ZJ b[ ZJ [ !(7!+$!/0!%'0?0''08Q!;07+!

(+037! <(C0! +*0! %'0608(4)!$40H! ?'$3! +*(7! %$(4+! $?! >(0AH! 8$!

4$+*(4)! /:+! %'$3$+0! /28! 32+*032+(67! 08:62+($4Q! ;*0&!

(47%('0! 76*$$<! +0Y+/$$C7! +$! 32C0! *02>&! A02+*0'! $?! +*0!

g:<07! $?! ^'80'! $?! ^%0'2+($47! 248! '0<2+08! 6$4>04+($47Q!

9>04!'0?0'0460!/$$C7!$4!76*$$<!32+*032+(67!+2C0!+*0!*(4+!

248!8'(<<!7+:804+7!$4!%'$/<037!7:6*!27!+*0!?$<<$A(4)T!

9>2<:2+0!d!k!\! !L! !.-Q!

ZF00!s2%<24!0+!2<QH!.iibQ[!F:6*!(47+':6+($4!+(30!A$:<8!/0!
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8$A4!>0'7($4!$?! 2!JN8(3047($42<!$/R06+H! +$! +*0!%$(4+! +*2+!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!
J
;*(4C!$?!7$30!$?!+*0!)()24+(6!%(6+:'07!$?!62'7!$4!/(<</$2'87Q!

+*0&! 624! 7$<>0! 32+*032+(62<! %'$/<037Q! F00! #270!J! $?!
50'70+*! Z,--J[! 2)2(4Q! F$! +*0! %'0608(4)! 80?(4(+($4! (7! 4$+!
$4<&! 4060772'&! 248! 6$''06+H! /:+! (+! >0'&! <(C0<&! A$:<8!
(3%'$>0! 7+:804+! 26*(0>0304+Qd! P:+! 42+:'2<<&! $40! A$:<8!
4$+! A24+! +$! /:'804! 2! ?$:'+*! )'280'! A(+*! +*0! 6$460%+7! $?!
V$40N+$N$40! 6$''07%$480460W! 248! V7(3(<2'(+&QW! ;*0'0?$'0H!
?$'! +*0! @D91! (+03H! +*0! $4<&! $%+($4! (7! +$! 3(4(3(h0! +*0!
6$)4(+(>0!<$28!27!3:6*!27!%$77(/<0!/&!/0(4)!7(3%<0H!6<02'H!
248!%'06(70Q!E4!+*(7!6270H!/&!72&(4)!+*2+!(+!(7!VK26C(0X7!762<0!
8'2A(4)! $?! +*0! 7*2%0! $?! *0'! 6<277'$$3! ?<$$'W! 70037! +$!
300+!3$7+!$?!+*0!'0U:('0304+7Q!;*(7!0Y%<2(47!+*0!2%%2'04+!
4(+%(6C(4)Q!

S$'!/0++0'!$'!?$'!A$'70H!@D91!A(<<!*2>0!+$!?:46+($4!27!
24! 08:62+($4! (47+(+:+($4! (4! 288(+($4! +$! /0(4)! +*0! 42+($4X7!
'0%$'+! 62'8Q! E802<<&H! (+7! 277077304+7! 7*$:<8! 8$! 4$! *2'3!
Z+*0'0?$'0H! 4$! 32+*032+(62<! ?<2A7[! 248! +*0&! 7*$:<8!
0Y03%<(?&!)$$8!32+*032+(62<!%'26+(607!'2+*0'! +*24!?$<<$A!
+*0! 0Y(7+(4)! 80?06+(>0! $407Q! c(>04! +*0! (3%26+! +*0! @D91!
76$'07!0Y0'+!$4!+*0!42+($4X7!76*$$<!32+*032+(67!08:62+($4H!
+*(7! (7! +*0! '07%$47(/(<(+&! ?$'! @D91! +*2+! 6$307! A(+*! +*0!
+0''(+$'&!248!+*(7!(7!A*&!@D91!$:)*+!+$!/0!3$'0!62'0?:<!(4!
%*'27(4)! (+037! 7:6*! 27! K26C(0X7! 762<0! 8'2A(4)Q! D)2(4H!
2<<$A!30! +$! '0%02+! +*0! '06$330482+($4! +*2+! +*0'0! 7*$:<8!
/0!C4$A<08)02/<0!32+*032+(6(247!277(7+(4)!(4!0>0'&!%*270!
$?!277077304+Q!

D/$>0!248!/0&$48! +*0! +06*4(62<!80+2(<7!$?! (48(>(8:2<!
+07+! (+037H! 026*! *()*N7+2C07! 7:332+(>0! +07+! 70487! 24!
$>0'2<<H! global! 30772)0! 2/$:+! A*2+! (7! (3%$'+24+! (4! +*0!
6:''(6:<:3H! *$A! 76*$$<! 8(7+'(6+7! 7*$:<8! A'(+0! +*0('! 40Y+!
%26(4)! ):(807H! 248! *$A! +026*0'7! 7*$:<8! 2%%'$26*! +*0('!
<077$47Q!P:+H!27!(7!A0<<NC4$A4H!(+!(7!>0'&!8(??(6:<+!+$!$/+2(4!
6$3%<0+0! +07+! ?$'37! ?'$3! 7+2+0! 2)046(07! Z527726*:70++7!
70037!+$!/0!24!0Y60%+($4[H!+07+!>048$'7H!$'!@D91Q!S$'!+*0!
%:'%$70! $?! +*(7! 2'+(6<0H! (+! (7! 3$7+! ?$'+:42+0! +*2+! +*0!
52+*032+(67! D77077304+! 1'$R06+! Z5D1[! $??0'7! +A$!
6$3%<0+0!JN*$:'!7:332+(>0! +07+! ?$'37!+$)0+*0'!A(+*! +*0('!
76$'(4)! ':/'(67! Z5D1N1F;.! 248! 5D1N1F;,[Q! ^4! +*0!
A0/7(+0! 5D1H! (+! (7! 7+2+08! +*2+! V;*0! 52+*032+(67!
D77077304+! 1'$)'23! Z5D1[! 2(37! +$! /'(4)! +$! <(?0! +*0!
Common Core State Standards!Z##FF[!(4!2!A2&!+*2+!A(<<!
*0<%! +026*0'7! 248! +*0('! 7+:804+7! +:'4! +*0('! 27%('2+($47! ?$'!
26*(0>(4)! +*03! (4+$!6<277'$$3!'02<(+(07QW!;*0'0?$'0H! +*070!
+07+! ?$'37!?2<<!6$3%<0+0<&!A(+*(4! +*0!76$%0!$?! +*(7!2'+(6<0Q!
In order to simplify the following discussion, we will treat 
these test forms as if they were standardized tests that had 
already been administered nationwide, but of course we 
have to remind ourselves from time to time that this is just 
make-believe.!

;*0! ?$'32+! $?! /$+*! +07+! ?$'37! (7! 027&! +$! 8076'(/0T!
;*0'0! 2'0! +04! $40N7+0%! $'! +A$N7+0%! F*$'+! ;27C7! $4! 7C(<<7!
A$'+*! .-! %$(4+7! +$+2<H! 248! +*0'0! 2'0! .-! 6$47+':6+08!
'07%$470!(+037!A$'+*!.-!%$(4+7!026*Q!;*:7H!+*0!32Y(3:3!
76$'0! $?! 026*! +07+! (7! ..-! %$(4+7Q! F+:804+7! *2>0! +$! A'(+0!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!
d
;*0!400808!'0702'6*!?$'!(+7!>2<(82+($4!7*$:<8!/0!'0<2+(>0<&!7(3%<0Q!

!

S():'0!JQ!



O=!

.,!

+*0('!247A0'7!+$!+*0!F*$'+!;27C7H!248!$40!(4?0'7!?'$3!
+*0!76$'(4)!':/'(6!+*2+!4$!%2'+(2<!6'08(+!A(<<!/0!)(>04Q!
D<<! /:+! +A$! $?! +*0! 6$47+':6+08! '07%$470! (+037! ZP07+!
P:&! ;(6C0+7! 248! 1'$%240! ;24CH! /$+*! ?'$3! +*0! ?('7+!
?$'3[! 2'0! /'$C04! :%! (4+$! 732<<0'! 7+0%7H! %'07:32/<&!
?$'!027&!)'28(4)Q!

;*070! +07+7! 2'0! 2! '0?'07*(4)! 2<+0'42+(>0! +$! $+*0'!
7+2482'8(h08! 277077304+7! +*2+H! +$! 2! <2')0! 0Y+04+H!
6$47(7+! $?! 3:<+(%<0! 6*$(60! (+037Q! E4! $'80'! +$!
6$4604+'2+0!$4!+*0!)<$/2<!30772)0!$?!+*070!+07+!?$'37H!
E! A(<<! 4$+! 304+($4! +*0! 32+*032+(62<! ?<2A7! $?! +*0!
(48(>(8:2<!(+037!(4!+*0!+07+!?$'37!$'!+*0!':/'(67!0Y60%+!
A*04! (+! (7! 2/7$<:+0<&!4060772'&Q! E!A(<<! 2<7$! <02>0! +*0!
F*$'+! ;27C7! 2<$40! (4! $'80'! +$! ?$6:7! $4! +*0! ,-!
6$47+':6+08!'07%$470!(+037!Z.-!(4!026*!+07+!?$'3[Q!

;*070!(+037!8$!4$+!27C!?$'!0Y%<242+($47!$?!C4$A4!
?26+7!(4!76*$$<!32+*032+(67!7:6*!27!VF+2+0!248!%'$>0!
+*0! 1&+*2)$'024! ;*0$'03QW! g2+*0'H! +*0&! 277077!
7+:804+7X! 2/(<(+&! +$! 2%%<&! A*2+! +*0&! C4$A! +$! 7$<>0!
%'$/<037H! 248! .,! $:+! $?! +*0! ,-! 2'0! %'$>(808!A(+*! 2!
'02<NA$'<8! 6$4+0Y+Q! 5$7+! <(C0<&H! 7+:804+7! 2'0! 700(4)!
+*070!(+037!?$'!+*0!?('7+!+(30Q!;*0!<0>0<!$?!8(??(6:<+&!$?!+*0!
(+037!>2'(07!?'$3!3$80'2+0!+$!*()*!Z7:6*!27!+*0!(+03!#('6<0!
12++0'4!(4!+*0!706$48!?$'3[Q!S$'!0Y23%<0H!S():'0!d!7*$A7!
$40!$?!+*0!3$'0!7+'2()*+?$'A2'8!$407Q!

;A$! 7+2+(7+(67! 6$460'4(4)! +*070! (+037! 2'0! $?! (4+0'07+Q!
S('7+H!LJ!$:+!$?! +*0!.--!%$(4+7!$?! +*0!6$47+':6+08!(+037! (4!
+*0! ?('7+! +07+! ?$'3!5D1N1F;.! 2'0! $4! +*0!32+*032+(67! $?!
)'2807! sGb! 266$'8(4)! +$! +*0! ##FF5H! A*(<0! +*0!
6$''07%$48(4)!?():'0!?$'! +*0!706$48!+07+!?$'3!5D1N1F;,!
(7!2!/(+!/0++0'T!\a!%$(4+7!$:+!$?!.--Q!

S$'! +*0! '06$'8H! *0'0! 2'0! +*0! 80+2(<7! $?! *$A! +*070!
?():'07!A0'0!2''(>08!2+Q!;*0!?$<<$A(4)!)(>07!+*0!4:3/0'!$?!
%$(4+7! (4! 026*! %'$/<03! 2A2'808! +$! 247A0'7! :7(4)!
32+*032+(67!(4!sGbT!

e5D1N1F;.fT! 5:<+(%<&(4)! 60<<7! .-H! 12+6*A$'C!
.-H! FU:2'0! .-H! #('6<07! 248! FU:2'07! .-H! S:47(h0!
#247!.-H!5:<+(%<0!F$<:+($47!aH!1'$%240!;24C7!LQ!

e5D1N1F;,fT! `02C&! S2:60+! .-H! c$<804! #'$A4!
.-H! P('87X! 9))7! .-H! S<$$'! 12++0'4! \H! F+'2A/0''&!
P$Y07!.-H!F(80A2<C!12++0'47!bH!#('6<0!12++0'4!dQ!

Comments:!Sometimes part of an item could be 
about high school mathematics according to the 
CCSSM, but if the rubrics indicate that answers 
using only eighth grade mathematics together 
with guess-and-check also get full credit, then 
that part of the item will be classified as K–8. A 
good example is Funsize Cans of the first test 
form and Strawberry Boxes of the second test 
form. 

D! 706$48! 7+2+(7+(6! (7! +*2+! (?! 2! 7+:804+! $4<&! C4$A7! +*0!
?$<<$A(4)! +$%(67! $?! +*0!sG.,! 6:''(6:<:3H! +*04! *0! $'! 7*0!
A(<<!/0!2/<0!+$!76$'0!.-L!%$(4+7!$:+!$?!+*0!..-!32Y(3:3!(4!
+*0!?('7+!+07+!?$'3H!248!iL!%$(4+7!$:+!$?!+*0!..-!32Y(3:3!
(4!+*0!706$48!+07+!?$'3T!

+*0!32+*032+(67!$?!)'2807!sGbH!
+*0!6$460%+!$?!2!?:46+($4H!
<(402'!0U:2+($47!248!?:46+($47H!
U:28'2+(6!0U:2+($47!248!?:46+($47!Z/:+!not!
(46<:8(4)!+*0!U:28'2+(6!?$'3:<2[H!248!
?(4(+0!%'$/2/(<(+&!%0'+2(4(4)!+$!7+2482'8!
%0'3:+2+($47!248!6$3/(42+($47Q!

1'06(70<&H! +*2+! 7+:804+!A$:<8! /0! 2/<0! +$! 8$! 0>0'&+*(4)! (4!
+*0!?('7+!+07+!?$'3!0Y60%+!(+03!i!$?!+*0!F*$'+!;27C7!248!%2'+!
,! $?! 5:<+(%<0! F$<:+($47H! 248! A$:<8! /0! 2/<0! +$! 8$!
0>0'&+*(4)!(4!+*0!706$48!+07+!?$'3!0Y60%+!(+037!.H!,H!248!b!
$?! +*0!F*$'+!;27C7H!#:/(6!c'2%*7! Z0Y60%+! Zii[! 248! Ziii[! $?!
%2'+!,/[H!248!%2'+!,!$?!S<$$'!12++0'4Q!

E!/0<(0>0!+*070!+07+7nA(+*!+*0('!7+2+(7+(67!2/$>0nA(<<!
+*'$A!*()*! 76*$$<!32+*032+(67! 08:62+($4!$:+! $?! C(<+0'! 27!
+*0'0!A$:<8!/0! <(++<0! (4604+(>0!?$'!324&! +026*0'7! +$! +026*!
24&+*(4)! /0&$48! ?26+$'(4)! U:28'2+(6! %$<&4$3(2<7! (4! *()*!
76*$$<Q!F%06(?(62<<&H!+026*0'7!32&!/0!+03%+08!4$+!+$!+026*!
24&!$?!+*0!?$<<$A(4)!*()*!76*$$<!+$%(67!(4!+*0!##FF5T!

2<<!$?!*()*!76*$$<!)0$30+'&!(46<:8(4)!+*0!%'06(70!
80?(4(+($4!$?!7(3(<2'(+&!248!+*0!0??06+!$?!
7(3(<2'(+&!$4!<04)+*H!2'02H!248!>$<:30H!
?(4(+0!)0$30+'(6!70'(07H!
'2+($42<!0Y%'077($47H!
+*0!2'(+*30+(6!$?!6$3%<0Y!4:3/0'7H!
+*0!U:28'2+(6!?$'3:<2!?$'!'02<!248!6$3%<0Y!
U:28'2+(6!%$<&4$3(2<7H!
/27(6!?26+7!2/$:+!0Y%$404+(2<H!<$)2'(+*3(6H!248!
+'()$4$30+'(6!?:46+($47H!248!
*()*!76*$$<!7+2+(7+(67Q!

F:6*! 2! +03%+2+($4! 32&! /0! ?:'+*0'! 7+'04)+*0408! /&! +*0!
)040'2<! +048046&! (4! +*0! 76$'(4)! ':/'(67! +$! 8$A4%<2&! +*0!
32+*032+(62<! 7$%*(7+(62+($4! +*2+! (7! 2%%'$%'(2+0! ?$'! *()*!
76*$$<!(4!?2>$'!$?!3$'0!0<0304+2'&!6$47(80'2+($47!7:6*!27!

S():'0!dQ!
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):077N248N6*06CQ! 10'*2%7! +A$! 0Y23%<07! A(<<! 7:??(60! +$!
32C0!+*0!%$(4+Q!

S('7+H! (4! +*0! (+03! P07+! P:&! ;(6C0+7! (4! +*0! ?('7+! +07+!

?$'3H! +*0! %'$/<03! /$(<7! 8$A4! +$! 6$3%2'(4)! +A$! <(402'!

?:46+($47! ,

. ,\
C n !248! .

, ,\
.-C n T!?(48!+*0!>2<:0!

-
n !

2+! A*(6*! +*0! +A$! ?:46+($47! 2'0! 0U:2<H! 806(80! A*(6*!

?:46+($4! (7! )'02+0'! ?$'!
-

n n H! 248! 7*$A! +*2+! (+! /06$307!
+*0! 732<<0'! ?:46+($4! ?$'!

-
n n Q! ;*(7! (7! 04+('0<&! '$:+(40!

3(88<0! 76*$$<! 32+*032+(67! 248! +*0! ':/'(6! 8:<&! $:+<(407!

+*(7!7$<:+($4Q!F$!?2'!7$!)$$8Q!ButH! (4! +*0!7230!/'02+*H! +*0!
':/'(6!2<7$!72&7T!

May decide to solve arithmetically. 
E+! +*04! %'$60087! +$! $:+<(40! 2! 7$<:+($4! /&! 0>2<:2+(4)! (4!
7:66077($4! +*0! >2<:07! $?!C.! 248!C,! 2+! n!j!\-H! .--H! .\-H!
,--H! ,\-H! J--! 248! 4$+(4)! +*2+! +*0! ?:46+($47! 2'0! 0U:2<! 2+!
n!j!,\-! 248! +*2+! +*0('! '0<2+(>0! $'80'! $?! 32)4(+:80! 2+! +*0!
'032(4(4)!?(>0!>2<:07!(7!(4+0'6*24)08!/0?$'0!248!2?+0'!,\-Q!
;*0! ':/'(6! +*04! 7+2+07! +*2+! (?! 2! 7+:804+! 6$46<:807! +*2+H!$4!
+*0!/27(7!$?!+*070!7(Y!4:30'(62<!>2<:07H!C.!(7!732<<0'!+*24!
C,! ?$'!n!u!,\-!/:+!/())0'! +*24!C,!$?!n!v!,\-H! +*2+!7+:804+!
A(<<! )0+! ?:<<! 6'08(+! Z.-! %$(4+7[Q! E4! $+*0'! A$'87H! 24!
:480'7+248(4)!$?!<(402'!?:46+($47!2+!+*0!<0>0<!$?!):077N248N
6*06C!(7!6$47(80'08!+$!/0!)$$8!04$:)*Q!

D! 706$48! 0Y23%<0! (7! +*0! (+03! P('87X! 9))7! (4! +*0!
706$48! +07+! ?$'3Q! E+!%'0704+7!2! 762++0'!%<$+! +*2+! 7*$A7! +*0!
<04)+*7!248!+*0!A(8+*7!$?!+*0!0))7!$?!7$30!D30'(624!/('87!
ZS():'0!\[Q!12'+!,!$?!+*(7!(+03!27C7T!VO*2+!8$07!+*0!)'2%*!
7*$A! 2/$:+! +*0! 6$4406+($4! /0+A004! +*0! <04)+*7! $?! /('87X!
0))7! 248! +*0('!A(8+*7mW!D7!82+2!)$H! +*070!6<02'<&! 7*$A!2!
<(402'!'0<2+($47*(%Q!;*0!F+2+(7+(67!248!1'$/2/(<(+&!F+2482'87!
bQF1! .! 248! ,! 288'077! +*(7! 7(+:2+($4! 0Y%<(6(+<&! 248! 7+2+0H!
Vs4$A! +*2+! 7+'2()*+! <(407! 2'0! A(80<&! :708! +$! 3$80<!
'0<2+($47*(%7! /0+A004! +A$! U:24+(+2+(>0! >2'(2/<07Q! S$'!
762++0'!%<$+7!+*2+!7:))07+!2!<(402'!277$6(2+($4H!(4?$'32<<&!?(+!
2!7+'2()*+!<(40pW!^40!A$:<8!+*0'0?$'0!0Y%06+!+*2+!4$+*(4)!
<077! +*24! 2! 6<02'N6:+! 7+2+0304+! 2/$:+! +*0! 2%%'$Y(32+0!
linear dependence!$?!A(8+*!$4!+*0!<04)+*!A$:<8!30'(+!?:<<!

6'08(+Q!B0+H!266$'8(4)!+$!+*0!':/'(6H!+*0!0Y%06+08!247A0'!(7T!
Vc(>07!2!6$''06+!8076'(%+($4!7:6*!27T!c040'2<<&H!+*0!)'02+0'!
+*0! <04)+*! $?! +*0! 0))H! +*0! )'02+0'! (7! (+7! A(8+*QW! E4! $+*0'!
A$'87H!2!6:/(6!80%0480460!(7!2!%$77(/(<(+&Q!F:6*!2!':/'(6!(7!
*2'8<&! 6$47(7+04+! A(+*! 1'26+(60! F+2482'8! L! $?! ##FF5H!
VD++048! +$! 1'06(7($4QW! S:'+*0'3$'0H! %2'+! \! $?! +*0! 7230!
(+03!27C7T!VO*(6*!$?! +*0!0))7!DH!PH!#H!]H!248!9!*27! +*0!
)'02+07+! '2+($! $?! <04)+*! +$! A(8+*m! 9Y%<2(4! *$A! &$:!
806(808QW!@$A!+*0!6$460%+!$?!7<$%0!(7!(4+'$8:608!(4!)'280!
b! Z(4! 2!A2&! +*2+! (7! ?2'!3$'0! 62'0?:<! 248! 80+2(<08! +*24! (4!
$+*0'! 7+2482'87[! 7$! +*2+! /&! +*0! +(30! 7+:804+7! +2C0! 7:6*! 2!
7:332+(>0! +07+H! V7<$%0W! 7*$:<8! /0! 706$48! 42+:'0Q! E?! $40!
'0?0'7! +$! +*0! 762++0'! %<$+! 2/$>0H!$40! 7007! +*2+! +*0!ratio of 
length to width!2+!2!82+2!%$(4+!(7!+*0!'06(%'$62<!$?!+*0!7<$%0!
$?!+*0!<(40!R$(4(4)!Z-H!-[!+$!+*0!%$(4+!(4!U:07+($4Q!;*0'0?$'0!
+*0!U:07+($4!/06$307!VA*(6*!$?!+*0!<(407!R$(4(4)!Z-H!-[!+$!
DH! PH! #H! ]H! 248! 9! *27! +*0! 732<<07+! 7<$%0mW! D! >(7:2<!
(47%06+($4! +*04!7*$A7!+*2+!9! (7! +*0!247A0'! +$!%2'+!\Q!^40!
A$:<8!+*0'0?$'0!0Y%06+!+*2+!2!6$''06+!247A0'!+$!%2'+!\!A(<<!
)(>0! 7$30! (48(62+($4! $?! +*0! '027$4(4)! (4! +0'37! $?! 7<$%0Q!
P:+! +*0!':/'(6!72&7T!Vc(>07!2!6$''06+!0Y%<242+($4!7:6*!27T!
;*0!<(40!R$(4(4)!9!+$!+*0!$'()(4!(7!+*0!?<2++07+!$?!2<<!+*0!<(407!
R$(4(4)!DH!PH!#H!]H!248!9!+$!+*0!$'()(4QW!c(>04!+*0!?26+!+*2+!
<(402'(+&!8(8!4$+!0>04! ?():'0! (4! +*0!247A0'! +$!%2'+!,H!A*&!
7*$:<8!7:6*!2!7+2+0304+!2/$:+!V?<2++07+!$?!2<<!+*0!<(407W!/0!
+2C04!2+!?260!>2<:0m!O*0'0!(7!+*0!V0Y%<242+($4Wm!M$A!624!
7:6*! 2! 7:332+(>0! 277077304+! (47%('0! +026*0'7! +$! +026*!
*()*! 76*$$<!32+*032+(67! (4! 2!A2&! +*2+! (7! 6$47(7+04+!A(+*!
+*0!##FF5m!

;$!6$4+(4:0!+*0!8(76:77($4!$?!+*0!)<$/2<!30772)0!$?!+*070!
+07+! ?$'37H! E! A(<<! (4+'$8:60! 7$30! 7+2482'8! +0'3(4$<$)&Q!
;*0'0!(7!2!6$3%$404+!$?!76*$$<!32+*032+(67!6$47(7+(4)!$?!
+*0! 6$460%+7! 248! 7C(<<7! +*2+! 32C0! 70470! A(+*$:+! 24&!
'0?0'0460! +$! 0>0'&82&! <(?0H! ?$'! 0Y23%<0H! +*0! 7+2482'8!
2<)$'(+*37!?$'!A*$<0!4:3/0'7H!+*0!6$460%+!$?!07+(32+($4!+$!
2! %'076'(/08! 80)'00! $?! 266:'26&! Z0Q)QH! +$! +*0! 402'07+! +04[H!
+*0! 80?(4(+($4! $?! 2! ?'26+($4! 248! (+7! 2'(+*30+(6! $%0'2+($47H!
+*0!)0$30+'(6!6$460%+7!$?!%2'2<<0<(73!248!%0'%048(6:<2'(+&H!
0+6Q! E! A(<<! '0?0'! +$! +*(7! /$8&! $?! C4$A<08)0! 27! pure 
mathematicsQ! ;*0'0! (7! 24$+*0'! 6$3%$404+! +*2+! (7!
6$460'408! A(+*! +*0! 2%%<(62+($47! $?! +*070! 6$460%+7! 248!
7C(<<7!+$!%'$/<037!+*2+!2'0!)(>04!2!'02<NA$'<8!6$4+0Y+!7:6*!
27!07+(32+(4)!*$A!3:6*!A2+0'!(7!A27+08!/&!2!<02C&!?2:60+!
026*!3$4+*H!$'!*$A!324&!60<<7! +*0'0!2'0!(4!b\!3(4:+07!(?!
&$:! 7+2'+!A(+*!$40! 60<<! 248! 026*! 60<<! 7%<(+7! (4+$!,! 0Y26+<&!
0>0'&!\!3(4:+07Q!E!A(<<!'0?0'!+$!+*(7!6$3%$404+!27!applied 
mathematicsQ!@2+:'2<<&H!+*0!<(40!70%2'2+(4)!+*0!+A$!(7!4$+!
2<A2&7!6<02'N6:+H!/:+!$4!+*0!A*$<0!+*(7!+0'3(4$<$)&!A(<<!/0!
7004!+$!/0!70'>(602/<0Q!

O*04!76*$$<!32+*032+(67! (7! +2:)*+!%'$%0'<&H! +*0'0! (7!
2!*02<+*&!/2<2460!/0+A004!%:'0!248!2%%<(08!32+*032+(67Q!
;*0! 6$460%+7! 248! 7C(<<7! (4!%:'0!32+*032+(67!A(<<! +*04!/0!
%'0704+08!A(+*! '027$4(4)! 248! 6$*0'0460w! (4! <02'4(4)!%:'0!
32+*032+(67H! 7+:804+7! A(<<! 2<7$! %(6C! :%! +*0! 2/(<(+&! +$!
'027$4!248!+$!62''&!+*0!'027$4(4)!+$!(+7!<$)(62<!6$46<:7($4Q!
O*04!+*0&!A$'C!(4!2%%<(08!32+*032+(67H!they use the same 
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reasoning ability to get answers to problems, regardless of 
the fact that the problems now have a real-world contextQ!
E+! (7! %'08$3(424+<&n+*$:)*! 4$+! 6$3%<0+0<&n+*0! <2++0'!
26+(>(+&! +*2+! (7! C4$A4! (4! +*0! 32+*032+(67! 08:62+($4!
<(+0'2+:'0! 27!problem solvingQ! P062:70!A*2+! $40! 8$07! (4!
2%%<(08!32+*032+(67! (7!4$+*(4)!/:+!2!42+:'2<!0Y+047($4!$?!
A*2+! $40! 8$07! (4! %:'0! 32+*032+(67H! 2<<! $?! 76*$$<!
32+*032+(67nif! +2:)*+!%'$%0'<&n(7!2!6$4+(4:$:7!%'$6077!
$?! %'$/<03! 7$<>(4)Q! S$'! 0Y23%<0H! 6$47(80'! +*0! ?$<<$A(4)!
%'$/<03T!

c(>04!2!'()*+!+'(24)<0!A(+*!*&%$+04:70!Z$?!<04)+*[!
c! 248! <0)7! a! 248 bH! (7! +*0'0! 24&! '0<2+($47*(%!
/0+A004!aH!bH!248!cm!

;*0!7$<:+($4!+$!+*(7!%'$/<03!(7!A*2+!*27!6$30!+$!/0!62<<08!
+*0!Pythagorean Theorem and its proof.!E+!(7!(4!+*(7!6$4+0Y+!
+*2+! +*0! ?$<<$A(4)! U:$+0! ?'$3! gQ!#Q!P:6CX7! /$$C! $4!
28>24608!62<6:<:7!26U:('07!7%06(2<!'0<0>2460!ZP:6CH!.i\LH!
%Q!>([T!

O0! *2>0! +'(08! +$! 32(4+2(4! 2! /2<2460! /0+A004!
+*0$'&! 248! 2%%<(62+($4Q! O0! 7*2'0! +*0! >(0A! +*2+!
2%%<(08!32+*032+(67!32&!4$+!0Y(7+n$4<&!2%%<(08!
32+*032+(6(247Q!

=4?$'+:42+0<&H! A*2+! *27! 8$3(42+08! +*0! 76*$$<!
32+*032+(67! 6<277'$$37! ?$'! +*0! %27+! 70>0'2<! 8062807! (7!
A*2+!32&!/0!62<<08! +*0!bipolar approach to mathematics 
instruction:! ;026*! %:'0!32+*032+(67! +$! 7+:804+7!3$'0! $'!
<077!/&!'$+0H\!/:+!32C0!7:'0!+*2+!A*04!(+!6$307!+$!2%%<(08!
32+*032+(67H!A0!+026*!+*03!*$A!+$!7$<>0!%'$/<037QL!^40!
6$470U:0460! $?! 7:6*! (47+':6+($4! (7! +*2+! 7+:804+7! 32&! /0!
2/<0! +$! :70! +*0! +$$<7! +*0&! <02'4! (4! %:'0!32+*032+(67! (4! 2!
7:%0'?(6(2<! A2&H! /:+! +*0('! 2/(<(+&! +$! '027$4! A(+*! +*03! (7!
?'2)(<0!/062:70H!4$+!*2>(4)!/004!0Y%$708!+$!+*0!'027$4(4)!
+*2+!:480'<(07! +*070! +$$<7H! +*0&!8$!4$+!*2>0!2!)$$8!3$80<!
+$! ?$<<$A! A*04! +*0&! +'&! +$! '027$4! $4! +*0('! $A4Q!O$'70H!
324&! 7+:804+7! 8$! 4$+! 0>04! <02'4! *$A! +$! :70! +*0! +$$<7!
/062:70! +*0&! )0+! :708! +$! <02'4(4)! +*03! /&! '$+0! 248!
+*0'0?$'0!'027$4(4)!(7!4$+!%2'+!$?!+*0('!32+*032+(62<!]@DQ!
;$!32C0!+*0!7(+:2+($4!3$'0!%0'(<$:7H!7$30!%0$%<0!A*$!2'0!
4$+!?23(<(2'!A(+*!+*0!76*$$<!6<277'$$3!/0)(4!+$!03%*27(h0!
+*0! (3%$'+2460! $?! V%'$/<03! 7$<>(4)W! (4! +*0! 70470! $?!
problem solving in applied mathematicsQ! ;*(7! 03%*27(7!
<02>07! +*0! '$+0N+026*(4)! (4! %:'0! 32+*032+(67! (4+26+H!
+*0'0/&!32C(4)!(+!0Y+'030<&!8(??(6:<+H!(?!4$+!(3%$77(/<0H!+$!
(3%'$>0! 7+:804+7X! 2/(<(+&! +$! 7$<>0! %'$/<037! (4! /$+*! %:'0!
248!2%%<(08!32+*032+(67Q!

E4!$'80'!+$!%'0%2'0!7+:804+7!/0++0'!+$!<02'4!*$A!+$!7$<>0!
%'$/<037! (4! 2%%<(08!32+*032+(67H! (+! (7! U:(+0! %<2(4! +*2+!A0!
3:7+! /0)(4! /&! +026*(4)! %'$/<03! 7$<>(4)! (4! %:'0!
32+*032+(67! /0++0'Q! D+! <027+H! A0! 3:7+! 0Y%<2(4! +$! 7+:804+7!
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'07%$47(/<0!?$'!+*(7!6'(30Q!
L
^4<&!+*$70!A*$!*$<8!?27+!$4+$!+*0!O(7*?:<!;*(4C(4)!F&48'$30!
A$:<8!/0<(0>0!+*2+!+*(7!C(48!$?!<02'4(4)!(7!%$77(/<0Q!

A*&!+*0!+$$<7!+*0&!2'0!)$(4)!+$!:70!2'0!+':0Q!E4!32+*032+(62<!
%2'<2460H!A0!3:7+!0Y%<2(4!+$!+*03!+*0!%'$$?7!$?! +*0!/27(6!
+*0$'037Q!P0&$48!+*(7!:+(<(+2'(24!3$+(>0!?$'!(3%'$>(4)!+*0!
+026*(4)! $?! %:'0! 32+*032+(67H! +*0'0! (7! 2! 6:<+:'2<! 3$+(>0!
+$$Q! 1:'0! 32+*032+(67! (7H! 2?+0'! 2<<H! +*0! 6'&7+2<<(h2+($4! $?!
?$:'!3(<<044(2!$?!+*0!0??$'+!+$!:480'7+248H!/&!:70!$?!'027$4!
2<$40H!+*0!A$'<8!2'$:48!:7T!4$+!R:7+!+*0!%*&7(62<!A$'<8!/:+!
2<7$! +*0! 2/7+'26+! $40Q! E+! (7! 2<7$! +*0! ?$:482+($4! $?! 76(0460!
248! +06*4$<$)&Q! E?! 2! 7:332+(>0! 277077304+! (7! +$! 277077!
A*2+! 7+:804+7! *2>0! <02'408! 2/$:+! 32+*032+(67H! (+! 7*$:<8!
'()*+?:<<&!277077!A*0+*0'!+*0&!:480'7+248!2!<(++<0!/(+!$?!+*0!
/27(6!7+':6+:'0!$?!%:'0!32+*032+(67!27!A0<<!27!7$30!$?!(+7!
*()*<()*+7Q!S$'!0Y23%<0H!A*2+!(7!+*0!'027$4(4)!/0*(48!026*!
$?!+*0!?$<<$A(4)m!

 ;*0!1&+*2)$'024!;*0$'03!248!(+7!6$4>0'70Q!

 ;*0!7:3!$?!Z+*0!<04)+*7!$?[!+A$!7(807!$?!2!+'(24)<0!(7!
/())0'!+*24!+*0!+*('8Q!

 ;*0!h0'$7!$?! 2!U:28'2+(6! ?:46+($4! 2'0!)(>04!/&! +*0!
r:28'2+(6!S$'3:<2Q!

 ;'(24)<07!A(+*!0U:2<!/270!24)<07!2'0! (7$760<07H!248!
6$4>0'70<&Q!

 ;*0! )'2%*! $?! ax!k!by!j!c! (7! 2! 7+'2()*+! <(40H! 248!
6$4>0'70<&Q!

 ;*0!7:3!$?!+*0!24)<07!$?!Z+*0!80)'007!$?[!2!+'(24)<0!
(7!.b-Q!

 ;*0! 7:332+($4! ?$'3:<2! ?$'! 2! ?(4(+0! )0$30+'(6!
70'(07Q!

 E?!2!4:3/0'!c!(7!+*0!h0'$!$?!2!%$<&4$3(2<!pZx[H!+*04!
Zx! !c[!8(>(807!pZx[Q!

 D!+24)04+!+$!2!6('6<0!(7!%0'%048(6:<2'!+$!+*0!'28(:7!2+!
(+7!%$(4+!$?!+24)046&Q!

E?!A0!2'0!)$(4)!+$!6'02+0!+04!6$47+':6+08!'07%$470!(+037!?$'!
277077304+H! +*04! $40! $'! +A$! 624! 2??$'8! +$! /0! 2/$:+! +*0!
%'$$?7!$?!Z%$77(/<&!3(<8!>2'(2+($47!$?[!/27(6!+*0$'037!<(C0!
+*070Q! E4! 288(+($4! +$! 7:6*! $/>($:7! (+037! (4! *()*! 76*$$<!
32+*032+(67H! 324&! 3$'0! '028(<&! 6$30! +$! 3(48H! ?$'!
(47+2460T!O*&!8$07!+*0!7230!4:3/0'! !2%%02'!(4!/$+*!+*0!
2'02!$?!2!6('6<0!$?!'28(:7!r!Z(Q0QH! ',[!248!(+7!6('6:3?0'0460!
Z(Q0QH!, '[m!O*&!(7!Z .[Z .[!0U:2<!+$!.m!O*&!8$07!+*0!<$4)!
8(>(7($4! 2<)$'(+*3! &(0<8! +*0! U:$+(04+! 248! '032(480'! $?! 2!
8(>(7($4ma!O*&!8$07!+*0!<$4)!8(>(7($4!$?!+*0!4:30'2+$'!$?!
2!?'26+($4!/&!+*0!804$3(42+$'!&(0<8!2!806(32<!0U:2<!+$!+*0!
?'26+($4mb!

E+! (7! +(30! +*2+! A0! '0+:'4! +$! +*0! 8(76:77($4! $?! +*0!
%$77(/<0! (3%26+! +*0! 5D1! +07+! ?$'37! 6$:<8! *2>0! (4! +*0!
76*$$<! 6<277'$$3Q! E+! A27! 304+($408! ?'$3! +*0! /0)(44(4)!
+*2+!+*070!+07+!?$'37!8$!4$+!277077!7+:804+7X!C4$A<08)0!$?!
C4$A4!+*0$'037! (4!%:'0!32+*032+(67Q!g2+*0'H! +*0&!277077!
A*0+*0'! 7+:804+7! 624! 2%%<&! +*070! +*0$'037! +$! 7$<>0!
%'$/<037Q! ;*0! )<$/2<! 30772)0! $?! +*070! +07+! ?$'37! (7!
+*0'0?$'0! +$! 048$'70!bipolar instructionQ!;026*0'7!A(<<! /0!
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F00!O:H!,-..6H!#*2%+0'!aQ!
b
F00!O:H!,-..6H!#*2%+0'!d,Q!
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046$:'2)08! +$! 6$4+(4:0! +026*(4)! how to use the known 
tools!/:+!4$+!7$!3:6*!why these tools are trueQ!

10'*2%7!2!/(+!3$'0!?<0Y(/(<(+&!(4!+*0!6$47+':6+($4!$?!+*0!
+07+!?$'37!A$:<8!<028!+$!2!3$'0!/2<24608!7:332+(>0!+07+Q!
#$47(80'H! ?$'! 0Y23%<0H! +*0! (+03!62<<08!FU:2'0! (4! +*0! ?('7+!
+07+! ?$'3! +*2+! 27C7! ?$'! +*0! >0'(?(62+($4! +*2+! ?$:'! )(>04!
%$(4+7! ZA(+*! (4+0)0'! 6$$'8(42+07[! (4! +*0! 6$$'8(42+0! %<240!
2'0! +*0! >0'+(607! $?! 2! 7U:2'0Q! ;*(7! 27707707H! 23$4)! $+*0'!
+*(4)7H!A*0+*0'!7+:804+7!C4$A!*$A!+$!32C0!:70!$?!+*0!?26+!
+*2+! +A$! <(407! 2'0! %0'%048(6:<2'! (?! +*0! %'$8:6+! $?! +*0('!
7<$%07! (7! .Q!O$:<8! (+! 4$+! 32C0! 70470! +$! 277077! (47+028!
A*0+*0'!+*0&!C4$A!why! +A$!<(407!2'0!%0'%048(6:<2'!(?! +*0!
%'$8:6+!$?!+*0('!7<$%07!(7! .m!52C(4)!7+:804+7!248!+026*0'7!
C4$A! +*2+! +*0&! 2'0! 266$:4+2/<0! ?$'! +*0! '027$4(4)! (4! +*0!
%:'0! 32+*032+(67! $?! +*0! 6:''(6:<:3! A$:<8! /0! 32C(4)! 2!
)$$8! ?('7+! 7+0%! (4! /'02C(4)! +*0! 7+'24)<0*$<8! $?! /(%$<2'!
32+*032+(67!(47+':6+($4!$4!+*0!42+($4X7!6<277'$$37Q!

E!23!2A2'0!$?!+*0!6$460'47!2/$:+!*$A!7+:804+7!A$:<8!
/0!046$:'2)08!+$!303$'(h0!%'$$?7w!:48$:/+08<&!7$30!A(<<!
8$! R:7+! +*2+H! /:+! 324&! A(<<! 26*(0>0! 7$30! :480'7+248(4)!
+*'$:)*! +*0! %'$6077! $?! +'&(4)! +$! '0%02+! 2! %'$$?Q! ;*0! 40+!
'07:<+! A(<<! /0! 2! A$'+*A*(<0! +'280N$??! (?! +*0! 2<+0'42+(>0! (7!
+*2+!+*0&!C4$A!no!%'$$?!2+!2<<Q!

O0! *2>0! 2<'028&! +2C04! 4$+0! $?! +*0! ?26+! +*2+! +*0! +A$!
+07+! ?$'37! 5D1N1F;.! 248! 5D1N1F;,! 7+248! (4! 7+2'C!
6$4+'27+! +$! 2<3$7+! 24&! $+*0'! 7+2482'8(h08! 7:332+(>0! +07+!
/&! >('+:0! $?! 4$+! *2>(4)! 24&!3:<+(%<0! 6*$(60! (+037Q!5$7+!
7+2482'8(h08! 7:332+(>0! +07+7! :708! +$! /0! 04+('0<&! (4! +*0!
3:<+(%<0! 6*$(60! ?$'32+H! 248! +*0! (4?:7($4! $?! 2! ?0A!
6$47+':6+08! '07%$470! (+037! (7! 2! %*04$304$4! $?! '0604+!
>(4+2)0Q! ;*0! 3$>0! +$A2'8! 2! /0++0'! 277077304+! $?!
32+*032+(67! <02'4(4)! (7! :43(7+2C2/<0H! /:+! $40! 7*$:<8! /0!
'02<(7+(6! 2/$:+! *$A! ?2'! +*(7! 3$>0! 624! )$Q! E4! $'80'! +$!
7*2'%04!$:'!?$6:7H!E!A(<<!6$4604+'2+0!$4!*()*N7+2C07!+07+7!(4!
+*0!'032(480'!$?!+*(7!2'+(6<0Q!

;*0'0! 7*$:<8! /0! 4$! 3&7+0'&! 27! +$! A*&! +*0! 3:<+(%<0!
6*$(60! ?$'32+n$'! 7$30+*(4)! 7(3(<2'! 7:6*! 27! +*0! 7*$'+N
247A0'NA(+*N4$N%2'+(2<N6'08(+!?$'32+!(4!+*0!F*$'+!;27C7!$?!
+*0! +A$! 5D1! +07+! ?$'37n(7! ?2>$'08! (4! *()*N7+2C07!
7+2482'8(h08! +07+7Q!D!8'023!*()*N7+2C07! +07+! (7!$40! +*2+! (7!
027&! 248! (40Y%047(>0! +$! )'280! 248! &0+! 624! 266:'2+0<&!
277077! 7+:804+! 26*(0>0304+Q! ;*0! 3:<+(%<0! 6*$(60! ?$'32+!
72+(7?(07! 2+! <027+! +*0! ?('7+! +A$! 6$48(+($47Q! E4! %2'+(6:<2'H! (+!
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